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INTRODUCTION

On the other hand, a voltage difference may occur across a component, depending
the type of the component and the overall circuit.

For unique representation of a node voltage, a reference node should be selected as
a ground. However, the voltage across a component can always be defined uniquely
since it is based on two or more (if the component has multiple terminals) points.

In circuit analysis, voltages and currents are usually unknowns to be found. Since
they are not known, in most cases, their direction can be arbitrarily selected.

When the solution gives a negative value for a current or a voltage, it is understood
that the initial assumption is incorrect. This Is never a problem at all.

For consistency, however, it is useful to follow a sign convention by fixing the
voltage polarity and current direction for any given component. In the rest of this
book, the current through a component is always selected to flow from the positive
to the negative terminal of the voltage.



INTRODUCTION

5. Electric Energy and Power of a Component
Formally, we define the energy of the component as
w (1) = f w870 2 e’ (T,

Power is defined as the product of its voltage and current.

pAt)y= = gl (8 (W)

W
cdt

If p(t) > 0, the component absorbs energy at that specific time. Otherwise (i.e., if p(t) < 0),
the component produces energy



Module 3a : RESONANT
CIRCUITS

Objectives:

1. To study resonant circuits both in time and frequency domains.

2. Describe the conditions for electrical resonance.

3. Describe the mathematical strategy to develop the resonant
frequency expression for a given resonant circuit.

4.  Determine the resonant frequency of series, parallel, and series—
parallel circuits.

5. Describe the quality factor.

6. Determine the quality factor of series, parallel, and series—parallel
circuits.

7. Determine the three dB bandwidth from the resonant frequency
and quality factor.

8. Decide whether a resonant circuit has a low Q or a high Q in order

to select the 3 dB determination approach.



Introduction

AC Circuits made up of resistors, inductors and capacitors are said to be
resonant circuits when the current drawn from the supply is in phase with the
Impressed sinusoidal voltage. Then

1. The resultant reactance or susceptance is zero. The circuit behaves as a
resistive circuit.
2. The power factor is unity.

Applications in Communication circuits.

The ability of a radio or Television receiver

(1) To select a particular frequency or a narrow band of frequencies transmitted
by broad casting stations.

(2) To suppress a band of frequencies from other broad casting stations, is
based on resonance.



Resonance is desired in tuned circuits, design of filters, signal processing and control
engineering. But it is to be avoided in other circuits. It is to be noted that if R = 0 in a
series RLC circuit, the circuits acts as a short circuit at resonance and if R = oo in parallel

RLC circuit, the circuit acts as an open circuit at resonance.

A second order series resonant circuit consists of R,L and C in series. At resonance,
voltages across C and L are equal and opposite and these voltages are many times

greater than the applied voltage. They may present a dangerous shock hazard.

A second order parallel resonant circuit consists of R,L and C in parallel. At
resonance, currents in L and C are circulating currents and they are considerably
larger than the input current. Unless proper consideration is given to the

magnitude of these currents, they may become very large enough to destroy the
circuit elements.



Quality factor (Q-factor) / figure of

merit

 Circuit efficiency is measured as Q - factor.
« Q — factor makes simple to compare various

Inductors &

capacitors in terms of efficiency while designing such circuits.

 Definition of Q-factor,

Q — o ( maximum energy stored in an energy storing element)

Energy dissipated per cycle in a resistor
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Maximum energy stored in R-L circuit, E; = 2Ll

Energy dissipated/cycle = Power * time for one cycle

» Average power dissipated in resistor = I°R = ( )2

. oG = (Imy2 _ 152 R
Energy dissipated/cycle = (ﬁ) R+T = - Iy r
lL 1%1
« By definition, Q = 2m * 121 5 = (an)— —
2'my
_ L +
» Therefore, Q = — v K




 Similarly consider a RC circuit

* Here, maximum energy stored, E. = % CV,2

By definition,

lC 7721 2
Q:27T*122R:(27Tf) ( )
2l
. ocC (ImXC) . oC 1 . ocC
R V127 R (2mf)?c? Rm3c?2

* Therefore, Q = —

+
MRC \/(% >%R
T" T :l.C,




Series Resonance

1) Derivation of resonant frequency f, — O 7 I
* Consider a series RLC circuit as shown in fig Eﬁ?_ﬁg‘k—ﬁ;
T
« The impedance of series RLC circuitis Z = LA T _ _
1 VV

* Also,Z=R+jX, —jXc=R+jX, — Xc) =R+ j(oL - é)

Where o Is frequency in radians/sec

« According to definition of resonance, at resonance, reactive part in
Impedance of series RLC circuit is zero. Let frequency be denoted by
Wo

« Therefore, At resonance, [mOL - 2 |=0

WoC
1
WoC LC

¢ (DoL:



Therefore, vy, = \/% rad/sec

Since oy = 2mf,, we can write,

1

Jo= savie 14

Thus, in series RLC circuit resonance may be produced either
varying frequency for given constant values of L & C or varying

either L & C or both for a given frequency

At resonance inductive reactance is equal to the capacitive

reactance.
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The Q-factor of series resonant
circuit is the Q-factor of inductor or
capacitor in series resonant circuit at
resonant frequency.

At resonance, X; = X, hence the
energy stored by both the elements
would be same Q-factor of series
resonant circuit is denoted by Q,

oL 1
At resonance, Q, = }‘; = ——
0

Consider quality factor of series
resonant circuit, we can write,

_ Ol _ L
Qo = - , where oy = NiTs

1 |[L

Therefore, Qo= rr

Q-factor of series resonant circuit

Similarly, considering

. 1 . 1
QO_(DORC_\/I{_C*R(;
1 1 1 (L
= — X —_— @ —_— —_—
R C RVC
L

Therefore, Qo= %\E IS the

quality factor of series resonant
circuit.
L 1

WolL _
ThUS, QO= R _(DORC
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» At resonance Iy = )

» The  voltage
Inductance Is,

Vi, = Ib(jX,) = Iy(jool)

a4 (WL
=i (g) oot = i (F)V
Therefore V; = jQoV

» Similarly voltage across the
capacitance Is,

Ve = Ih(=jXc) = K(__j)

R
d = 1 V
— J\wgRC

Therefore V. = —jQoV

across the

» Practically Q, > 1.

» \oltage developed across L
& C are more than applied
voltage only at resonance.

» That means at resonance
series RLC circuilt acts as a
voltage amplifier.

> Qy I referred as
magnification factor.



}' Variation of voltages across L & C with frequency ‘

« Initially at f = 0, capacitor acts as open
circuit: & blocks current.. Then across
capacitor we have total input voltage
say V.

« As frequency . increases, X,
decreases & that of X; increases. So
that . total. (X —"X;) “decreases. &
current increases.

v

« As the current increases, Vvoltage >
across R 1.e., Vp Iincreases & also both
Ve &V, Increases. - XV

« When frequency - equals — resonant
frequency, the impedance equals R.
Hence current approaches maximum
value, so also the V, ‘reaches I S ke
maximum value.

>
o g




As the frequency is-still increased
above resonant frequency X; further
Increases. & that of X, decreases. This
Increases total reactance (Xc — X;),asa
resultant impedance increases & the
current decreases.

So Vp decreases & also V. & V; both
decreases.

As frequency -becomes very high, both
Vr & V. value approaches zero while V;
value approaches V.

Variation of Vg, Vo & V, with frequency
IS as shown-in fig

From fig, it is clear that, voltage across
C & voltage across L is not maximum at
resonant frequency.

At resonant frequency f, the voltages
Ve & Vo are equal In magnitude but
opposite in phase.

The wvoltage ™ V. is maximum at
frequency f. WhICh IS less than f, &
the -voltage V; - Is maximum at
frequency f; WhICh Is greater than f.

T\



Frequencies for maximum voltage across L & C

Consider a series RLC circuit as in fig
V — VR + VL + VC
I
Ve =1(—jXc) = ]co_C
Ve =10GX,) = 1(jolL)
v /4

I = — =
YA R+j(X;, —X¢)
Therefore
Ve(jolC) =1 = 4
VO T T Ry (X, — Xo)
3 m+n+n
R+j((oL——)
vV
|Vc| = )

— (
oc \/R2+((DL—&)2

The voltage across capacitor is as above.

The frequency f¢ at which V¢ is
maximum can be obtained by equating

dVC _
d®

Vé =

=0
1 V2
W2C2 * R2+((DL—L)2
OC
VZ
~ W2C2RZ+(M2LC-1)2

dvi  —-VZ(Q2OR?*C?+2(M?LC—1)(20LC)

— =0
dm [W2C2R2+(W*LC—1)2]?




20R?C? + 2(0?LC — 1)(20LC) =0
20[R?C? + 2LC(0*LC —1)] =0
R?C? + 20%L*C?* —2LC =0
20%L*C? = 2LC — R?C?

_2LC  R%C?
w? = —
2L2C%  2L%C*?
2
©= [|—=— - radisec
LC 2L

Therefore, the frequency f. at which
inductor voltage V. is maximum is given by,

at I/ maximum

Similarly voltage across inductor is,

V, = (jol)

R+ j(X, —X¢)
VoL

\/R%((DL—&)Z)

V.| =

Squaring on both sides,
V2w?L?
|VL|2 —

1
R? + (oL — R)Z)
vZm*L2c?

= M?C2R%2+(M?LC-1)2

By differentiating V w.r.t ® & equating
only numerator term to zero we have,

20°LC — ©%*C2R%2 -2 =0
®2(2LC — C2R?) =2

2 2
T 2LC — C2R?
5 1
(D e
C2R?2
LC — 5
®= ———rad/ sec

/ C2R?
LC— >

Therefore, the frequency f; at which
inductor voltage V; is maximum is given by,
1 1

f= s
2T 2R2
LC—C 2R
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It is defined as the width of resonant
curve upto frequency at which the
power in the circuit is half of its
maximum value.

From fig,
Bandwidth = (f;, — f;) Hz

%4
At resonance, I, = e

hence power in the circuit is also

maximum,

Py = Prnax = Ig*R
Now, half of maximum power is
given by, V22

P I2R I
pl=to 07//(\/_%;2*13

So at the frequencies, where power in
the circuit is half of its maximum

value, current becomes (\/—15) times or
0.707 times of its maximum value.

o R R
At resonant frequency, power in
circuit is given by,
Po = Bnax = Ig*R
At frequency f; power in circuit
Is half & it is given by,

IR

Pl=2"&
2

Similarly, at frequency f, power
In circuit is half & it is given by,

pl = 1R g

2
Thus, f; s called lower half-
power frequency & f, is called

upper half-power frequency.




The half-power frequencies are also
referred as 3dB frequencies or 3dB

points because the power at these

frequencies is 3dB less than that at the

resonance.

The current in a series RLC circuit is

given by equation,

At half power point, I = oot

1V
V2 V2 R

%
because I, = — at resonance

vV

2 _ 152
\/R +(OL—55)

Therefore,

:UI<

7—

2 _1~N2 -
\/R + (oL —=)? =V2 R
Squaring on both sides,

2 _ 1 2_9p2
R% + (oL oac) 2R

(oL —&)2=
(oL -=)= +R———— -

Thus from above equation (2), at half-
power frequencies f; & f>, the reactive
part of impedance of series RLC circuit is

equal to resistive part of impedance.

Equation (2) is quadratic in o, hence we

can write,
(021 - (olzc) = +R—————(3)
(wll’ B (ollc) = )



((DZL — ﬁ) — tR—————(3)

2

((olL - ) = —R——-(4)

W,C
Adding equations (3) & (4), we have

(01 + ©y)L — ( 1+_)E=0

Q)

Therefore, (0; + ®,)L - ((Dl“’)z)—:
(@1 + 9)L=CoaD) 7
W10y = % e )

But from condition of resonance,

_ 2
Therefore, 10, = ©§

e, fifa = f¢

This shows that the resonant frequency is
the geometric mean of two half power
frequencies.

Thus, fo =+/f1f2

Subtracting equation (3) & (4), we get
1 1 _
(wy — wq)L + ((1)—1_ CO_Z)E_ 2R

2R
— + — =
(0 = 01) + (=2

From equation (5), w0, = L—lc

2R

(02 = 01) + (02 — 1) =
R

(02 — @1) = 7

Bandwidth, (f, — f1) = %



« Selectivity of a resonant circuit is defined as
the ability of a circuit to discriminate or
distinguish between desired and undesired

frequencies.

« Selectivity is also defined as the ratio of
resonant frequency to the bandwidth of

resonant circuit.

e Therefore,

Resonant frequency fo
Bandwidth (- f1)

Selectivity =

« Also, Bandwidth, (f;, — f;) = %

 Therefore,

fo fo _ @rfo)l _ Mol
(- f1) (ﬁ) R R

Selectivity =

Where Q-factor, Q, = %

Therefore, Selectivity = =Q

Thus, selectivity of series resonant
circuit is directly proportional to the
quality factor of circuit at resonant
frequency.

fo fo
B.W (fz—f1)

Selectivity = Q, =

Therefore,

Bandwidth = (f;, — f;) = g_o
0
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« Anparallel circuit is said to be in resonance °
when applied voltage & resulting current in
phase that gives unity power factor
condition.

a) Derivation of resonant frequency (f ,,-) for
the circuit R-L parallel with C. Y

» Consider parallel resonant circuit as shown in
fig with applied voltage V & total resulting
current 1.

» The admittance of branch containing L & R;
IS given by,
1

L=

R +jX|

_Ri—jXi _ Ri—jX,

-~ Ri+X}  RI+0*L2 (1)
» The admittance of branch containing C is

given by == ]

1 1 '

Y — . — j— <
‘ e y i

= j gy =JjoC——==(2)

Hence, total admittance of parallel
circuit is given by,

Y — YL + YC
R,—jOL | |,
= 4+
Therefore, Y YR joC
i T 3)
R} + 0?2 J® R? + 0?12

At resonance, imaginary part i.e,
susceptance becomes zero. Let the
resonant frequency of parallel
resonant circuit be denoted by w,;-.

Thusat w = ©,;,

RE+(M g% L2
_ WgrL
0grC R2+4+@®,.-%12
L ar

C(Ri+wg*L?) = L
(R}+04,2L2) = = ——————(4)



. . . . 1
far 1S the resonant frequency. This parallel resonance is possible as long as —>
Otherwise f,,- will be imaginary.

y = 1=
VA

Therefore,

Ry,

RZ+(M?L2
L
But we have, R + ©0’L? = =

Therefore, Z =

————— ~(®)

Consider equation(4), R?+w,,2L? = %

RZ(1 +

W gy 2 L2

72
RL

-

R} +®?L2

Ry,

R (1+ Q) =

2
Ry
L2’



b) Derivation of resonant frequency (f 4»-)
for the circuit R-L parallel with R-C.

Consider a general parallel RLC circuit
shown in fig with applied voltage V &
total resulting current 1.

The condition of parallel resonance is
that the impedance of the parallel
combination is purely resistive.

The admittance of branch containing L
& R; Is given by
Y, = RL:]'XL = I;LI%;];%L ... by rationalizing
The admittance of branch containing C
& R Is given by

1 Rc+jXc

Y= = ... by rationalizin
C ™ Re—jX¢ ~ R3+X% y g

Therefore, Total admittance Y is
given by,

Y=Y, +Y,
Y = R —jX| n Rc+jXc
RZ+x2 ' RZ+xZ
_ Ry, . Xc _
r= (RL+x% + R%+x%) +J (R%+x%
XL
R%+Xx?

At resonance, susceptance(imaginary
part of admittance) becomes zero.
Therefore, we have condition as,

Xc  Xp \ _ 0
RZ+Xx%2  RZ%2+x%2)
C C L L

Xce X
2. v2 — pZ.v2
RC+XC RL+XL




1
WqrC _ WgrlL

2 1 _ 2 212
RC+((Darc)2 Ry+®ar™L

1
R} + 06,2 L% = (0,,€) (04, L) [RE + (=)
L

Mgy C?

R? + 0y 2L? = w4 -2LC RE

0 ?L? — 0g2LC RE = Z— R}

L

L, L
2>z

R

far : 2nVLC

Where f,,- Is frequency of resonance.
The values of R; & R are in general
very small.




List of the formulae of Series Resonant Circuit

1
>fO_Zn\/E

V
» At resonance, Iy = E

Mol 1 R
> Qo= = GoRe BW=(fz - f1)=5;= 2:)
> VL — IOXL; VC: IOXC
» BW=2Af; f1= fo—Af ; f2= fotAf
>f0=\/f1fz

1 |L
~ Q=% ¢

1 1 R? 1 1
> fo= 5 lic™ o

2w\ LC  2L2 fL= 211\/ o
LC—

2



Numerical on Series Resonant Circuit

1.. /A _coil .of 5€Q resistance & 0.IH inductance is. connected”in, series with a
capacitance of 50uF across an-AC supply of 10V of variable frequency. Determine
1)..Resonant frequency,1i) -Current at resonance i) Q-factor of the coil.”iv)
Bandwidth.v) Voltage across L. & C-vi) Compute the lower & upper frequency

limits.
/] 53> Ol Souf

Solution: —
1) The series resonant frequency,
e B =71.176 Hz L

2nVLC -~ 2m,/0.1 * 50p
1) Current at resonance, I, = % = % =2A
__ @pL 21T fyL _ 2mx71.176%0.1 o
) Qp= SR : =8.944 =9
iv)BW= 2o = 21178 5 91Hy

Qo 9
VIV, = [(X; =2+ (2m* 71.176 * 0.1) = 89.44V
1

VC = IOXC — L = 89,44V

2 *71.176 * 50



vi) The lower frequency.is givenby f1. = fo — Af
where B.W = 2Af

Therefore, Af = % = % = 3.96 HZz

Therefore, f; = fo — Af =71.176 —3.96 = 67.216 Hz

The-upper frequeney is given by f5 = f, + Af
fo = 71.176 + 3.96 = 75.136 Hz



2. A series RLC circuit has R=50Q, L = 1H, C=50uF connected
across ac variable frequency of 100V. Calculate resonant frequency
& half power frequencies. 50 sop

MM FEXY L_% \MA,_,

Solution:
1 1
L dmre e =22.51Hz e
fO 27VLC 27_[\/1 A 50” | 60\
506.61
WKtfo = fifz fo = Afs Jis -
wkt BW=(f, ~ f;) = 2
ool 2mfol 2m x22.51 x1 A A
T TR g 50 R g
22.51
(fz— fi) = T 7.503 Hz

506.61

Therefore, f, — = 7.503

2
fs — 7.503f, — 506.61 =0 ; Therefore, f, = 26.57 Hz

Therefore, f; = 20001 - 20001 191 Hz

€L P YWall o 4




4. The voltage applied to the series RLC circuit is 0.85V. The Q of the coil is 50 &
the value of capacitor is 320PF. The resonant frequency of the circuit is 175Khz.
Find the value of inductance, the circuit current & voltage across capacitor &

inductor.

Solution:
V =0.85V; Q =50; C=320Pf; f, = 175 kHz
1 ~ 1 .
Qo= ®oRC = 27%175%10~3%320%10~ 12450 56.84()

e : 50 * 56.84
= == —_ = *k .
¢ R, C C

Therefore, L = 2.58mH

%o R
e MVl 4 gwised
{0l ) o'

V., = IywgL = 14.95 % 1073 * 2 * 175 * 103* 2.58+ 107 3= 42.74V

Ve = Iy/0oC = 14.95 % 1073 * 2 * 175 * 103* 320% 10~ 2= 42.488 V
1 gt - RalE: 1 1 56.842  _
e M ok \/2.58*10—3*320*10—12 T 2(258410-3)2 175.14 kHz
fi= =" L -175.17kHz
LCE— \/2.58*10_3*320*10‘12 520010 2) (56.84)



3. A series RLC circuit includes 1uF capacitor & a resistance of 16€).
If the bandwidth is 500 rad/sec. Determine o,., Q & L.

Solution:

B.W =500 rad/sec = 0, — o4
R =16Q

C=1uF

B.W = Wy — W1 = %
L= —32mH

500
1 1
Wy = — = = 5590.17 rad /sec
" VJIC 32%1073x1x107°
o 5590.17

B.W 500



5. A series RLC circuit has R = 10Q, L = 0.01H & C=0.01pyF & it is
connected across 10mV supply. Calculate 1) fq 11) Q¢ 1i1) Bandwidth

iV)fl &sz) IO 10 b0y
Solution:

ifo =i
07 2nVIC  2m/0.01%0.01p

=15.92kHz Q™ T

WoL  2mfol  2m*15.92% 103%0.01

o Qorve g we 10 <R

% 3
iVBW=(f,— f,) = g—z = 22200 = 159.2 Hz
Iv) BW =2Af

Af = 2222 =796 Hz
2

fi= fo—Af =15.92 % 103 —79.6 = 15.84 kHz

fo= fo+Af =1592 % 10° + 79.6 = 15.999 kHz

14 10%10~3
V)I[h= — =
) Io R 10

= 1mA




List of the formulae of Parallel Resonant Circuit

WarL 1 | P
» Qur=—— = ; Bandwidth = f, — f; = Lar
Qar R O\)arCR ) Ba d dt fZ fl QO
L L
>ZO_R_c0rZar_m
L
> far = A [RiC
f‘”‘_zm/ﬁ R2-L
Ve
1 1 R% 1 1
> far = 32\1c 2 Jar = 5y 1 Q3
V

» The current at parallel resonance, Iy = —

ar

»Za = Ry (1+Q%)



Numerical on Parallel Resonant Circult

6. In-a parallel resonant circuit Therefore ol
R,L,C half -power . frequencies 10
are - 103 & - 118 . rad/sec  Therefore, L_1_5
respectively. The ‘magnitude- of S o o s
Impedance - at 105 -rad/sec 1S 40 = == kes o
100 FindRL & C e RC 105 RC 105C
Solution:- 105 C
o; =103 rad/sec Therefore, C = 6.671mF
0w, = 118 rad/sec 6 orin
w4 = 105 rad/sec (DaerR
Zar =100 W
BW=®, — 04 7 * 105 * 6.67 * 1073
=118 =103 = 15 rad/sec :g'gzooﬁﬂ
WgrL L = P 13.6 mH
Qar= R
® 105
Qur= e e anl L

B.W 15



7. A two branch anti-resonant circuit
contains L = 04H & C = 40uF
Resonance is to be achieved by
variation of R; & R.. Calculate the
resonance frequency for the following
cases.

i) R, = 1200, R, = 800

Solution:
The resonant circuit is shown in fig,

i) L=0.4H, C = 40uF, R, = 120Q, R, =
300

PR R? ¢
Y 2nVIC |p2_L
v ¢ C
_ 1 12 2_(40*10 )
Jar = 27t\/0.4*40*10‘6\/802—( 02 With
40%10

R, = 80Q, the frequency comes out to be
Imaginary which is absurd
i) L=0.4H, C=40uF, R, = 80Q, R, = 0.
far = 23.87 Hz
) R, = R, = 100Q
far = 39.7887 Hz



8. A coil of inductance 10H & 10Q) resistance is connected
In parallel with 100 Pf capacitor. The combination is
applied with a voltage of 100V. Find resonant frequency &
current at resonance

Solution: R;, = 10Q,L = 10H,C = 100PF

1 |1 R? 1 1 102
far = \/ - == \/ BT 5.033 kHz

2\ LC L2 2\ 10x100x10~12

At resonant frequency, the impedance of parallel resonant
circuit is
L 10

L = == = =10 * 10° Q
ar — R;C  10%100%10~12

V 100

The current at parallel resonance, Iy = — =

= 10nA
Zar 10%10°




9. A parallel circuit has a fixed
capacitor & variable inductor having
constant quality factor of 4. Find value
of inductance & capacitance for circuit
impedance of 100002 at resonating
frequency 2.4 Mhz. What is bandwidth
of circuit?

Solution: Qo = 4; Z,, = 1000Q;
for = 2.4 Mhz

Loy =

L
R,C
Also, Z, = R, (1 + Q3)
1000 = R; (1 + 42)

Therefore, R; = 58.82 Q)
L —
—=1000R
C L

L
co 1000 * 58.82

Therefore, % = 58.82 « 103

£ 1\/1 R2
Zr\/i fr =

1 15
42(LC)\ 16
Therefore, LC =4.1227 * 10~1°

Also f,,- =

27‘[\/_
(2.4 106)2 =

From equation (1) & (2),
L =15.57 uH;
C =0.264nF

Bandwidth = f, —

_ Jar
fi= %
2.4% 10°

== = 0.6 Mhz
4




10 Two impedances Z; = 20 + j10 & Z, = 10 — j30 are connected in parallel &

this combination is connected in series with Z3; = 30 + jX. Find the value of X

which will produce resonance.
Solution: The total impedance is given by,

Z =13+ (Z1]|Z;)

(20 + j10) * (10 — j30)
(20 + j10) + (10 — j30)

Z = 30+ jX +

7=]30+ 29 4w 20
- 3| T X 33

The Circuit shown in fig above will resonate, if imaginary part is zero,
Therefore, X — % =0

Therefore, X = i—g = 3.646()
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Module 3b: Transient Analysis



Introduction
1. A network In which branch currents & node

voltages are not changing with respect to time Is said
to be in steady state. VI

2. When a network is switched from one condition to
another by change in applied voltage or by change In
applied voltage or by change in one of the circuit
elements, during a period of time, branch currents &
voltages change from their former value to new one.
This time iInterval 1s called transition period. The
response or the output of network during transition
period Is called transient response of network.




3. If after transition period, network condition Is not
disturbed, then the network attains steady state at
Infinite time.

4. Energy storing elements such as inductor &
capacitor results in a differential equation whose
solution consists of 2 parts, the complementary
function & Particular solution.

5. The Complementary function represents transient
part of solution which decays with time, while
remaining term represents steady state part of
solution.



Initial Conditions In elements

Resistor
Consider a circuit which consists of resistor R connected as

shown in Figure 1.1. The circuit resistor R is connected by a
voltage source V in series with switch K as shown in Figure.

e

Voo Dgﬁ

Series resonance circuit

When the switch K is closed at t=0 the current | is flowing in a
circuit and is given by | = V/R



Inductor
Consider a circuit which consists of inductor L connected as shown In

Figure 1.2. The inductor L is connected by a voltage source V iIn series
with switch K as shown in Figure. When the switch K is closed at t=0
the current flowing in a inductor at t = O+ is zero the inductor acts as a

open circuit at t = O+ which is as shown in Figure 1.3. KA.
The final-condition equivalent circuit of i /D %L
an inductor is derived from the basic di :
- . = J,—
relationship dt .
111(111[!1’()1‘ ciremt
e H S
Under steady state condition, rate of change | /D 3 /) _
of current flowing in inductor is di/ dt=0. T #2 T ¥
This means, v = 0 and hence L acts as short o
Inductor circuit at £ = 0+
at t = oo. The equivalent circuits of an o o

Ve ,D %L Ve /_‘:) [ C

Inductor circuit at ¢t = 0+

Inductor at t = oo Is as shown in Figure 1.4




Capacitor
Consider a circuit which consists of capacitor C connected as shown in

Figure 1.5. The capacitor is connected by a voltage source V in series
with switch K as shown in Figure 1.5. When the switch K is closed at
t=0 capacitor C acts as short circuit and current flows in a capacitor

Instantaneously. (’,\/ — N

If the capacitor is initially charged e WA

with charge q0 coulombs at t=0-, then ~1 | s

at t=0+ the capacitor is equivalent to ""'[ /D Y1 /D )

voltage source vO = g0/ ¢ which Is as

shown in Figure 1.6 Capacitor circuit at t = 0+
A s

+ -
Vo AN Vo iy ()

C

Capacitor circuit at t = 0+



The final condition of capacitor circuit is derived from the dv

: : : . = C—
following relationship. The voltage across capacitor is dt
Under steady state condition, rate of change of voltage capacitor is dv /

dt = 0. This means,@= 0 and hence C acts as open circuit at t = c. The
equivalent circuits of a capacitor at t = oo 1s as shown 1n Figure 1.7

If the capacitor is initially charged with A K t=c
voltage v0 then the final condition at t = oo N . l
of a capacitor circuit is replaced with VT /D “T VT /D 0C
voltage source vO with open circuit which !
Is as shown in Figure 1.8 " Capacitor circuit at t = oo
% Ca
e e 4.
b=

e
L
|
(]
| |
L S
Ii
oy =
-
il
"
o
-

Capacitor circuit at t = oo



Table 1.1: Initial and Final Conditions

at t=0- at t=0+ at t = 00
R R R
—\\\—e —\\W\—e —\W\—e
'—(ﬁm—l u—nD' En—t —C o
N , —( o
C
—||—e 5.C 0.C
G l—{::H : 0.C
i !-':% s -
dy - C




Procedure for Evaluating Initial Conditions:

1. Before closing or opening the switch at t=0- find the
history of the network, at t=0- find 1(0-), v(0-), I.e., current
through inductor and voltage across the capacitor before
switching

2. Draw the circuit after switching operation at t=0+.

3. Replace inductor with open circuit or by current source
having source

4. Replace capacitor with short circuit or with a voltage

source V, = —° if it has an initial charge q,.

5. Find 1(0+), and v(0+) at t=0+
6. Obtain an expression for di/dt and find di/dt at t=0+

: : d?i ., d?i _
7. Obtain an expression for Fand find —at t=0+

8. Similarly determine voltages across circuit elements and
Its derivatives.



DC Excitation to series R-L Circuit

1)  D.C response of R-L series circuit

« Att=0-,i;(07) =0

Since the current through inductor cannot change instantaneously, i; (07) = 0
» Let initial current be I,. Here I, = 0.

* Assume switch K is closed at t=0

» After closing the switch, apply KVL | LK %
V=iR+L% []3‘“
dt + -0
Vv  Ldi 3
—=14+ =— V- '
R Rdt k D
(V ) dt = = g
R-YYH T Rr*
R di
(7)de = 75




To find K!,Att=0,i=1, = 0.
0=-In() +K!

Therefore, K! = In (%) ———————— (2)
Substitute equation (2) in (1), we get
X =-In[%-i] + In [3]

L R R

R 14
~ t = In[2—]
L 74
(=10
R
Taking antilog, (2)t = v/R
. (z—D
% — 1 = %_8_(Z)t
R
[ = % % e f)t
R
i= %(1 ‘(Z)t) 4

% IS steady state part

R
Z e~ (@)% is transient part.



DC Excitation to series R-C Circuit

) D.C response of R-C series circuit

L Tkl Akt £ I Bpen Mk _JS/K_,,IW&A——-
&QMWWW&' B —
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V-V, = \}e;ﬂRC . V e @w&—‘ <R,

o Ve Vlgan) V] e

W t',a' - of |







DC Excitation to series R-L Circult

1)  D.C response of R-L series circuit L,“—f[ \

« Att=0-,i;(07) =0

Since the current through inductor cannot change instantaneously, i; (07) = 0

* Letinitial current be /,. Here IO_= 0. J_~R L—l—&i—ﬁo

« Assume switch K is closed at t=0 N

« After closing the switch, apply KVL éf P E (o‘) 0
— L -

. di
V=iR+ L ’ &)
. d ; 4=0 ANOT0
v V=2 du —Vb_‘]_ri L di \;_.r L 3
R R 4k R~ '" Rdt k D




To find K!,Att=0,i=1, = 0.
0=-In() +K!

Therefore, K! = In (%) --------- (2)
Substitute equation (2) in (1), we get
X =-In[%-i] + In [3]

L R R

R 14
ththR ]
(=10
R
Taking antilog, (D)t = v/R
(z—D
K — 1l = K e_(%)t
A Vo - E)t\ ) S5
l —.€

o~
I
=<
N\

p—

1

@

|
A~
e~ =\
~—

o~
~
x| <

.e_(

R
L

% IS steady state part

)¢ is transient part.



DC Excitation to series R-C Circuit

) D.C response of R-C series circuit

v ‘ Ueﬁc K R
£ £ 4 W ud | MMA—,
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BJV chl s LL\}ch}m oh L=cd\U |
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(> ’L?d\l ,r Q‘C’ * ?_.—"L’\Cv"\!b +K '——5(1) .
brdthad K Ak I Z_C o
| Ve
C d..t'-

Subihde E' in 2g? O

_éZ + = = ln(v=v) (V]

(V=g = Toking 9 [;1])* A V““: G

y : Ao .
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Q 1) In the circuit shown in Figure 1.9 the switch K
s closed at t=0, with capacitor uncharged. Find the

values 1. T

di and 3—;5 at t=0+4, for element values as

follows V=100 V R =1000 2 and C =1 ukF'.

Solution:
KVL for the given circuit is

1
V=Ri+ = [ idt 1.1
-/ (1)
At t—0+ the capacitor acts as short circuit which is as Ri=04+
shown in Figure 1.10 W
Differentiating equation (1) VT /D st

di 1
B_RE+E
Substituting initial conditions
di i(0+)
0 = RE[[H} + C

di _i(0+)
7" = TR
— 0.1 — 1004/ sec

1000 x 1 % 106



- Solution: . di
di (04) = i(04) V = Ri +LE
dt B RC . o
. | at t=0+ the inductor acts as open circuit which is as
E (0+) = _i E (0+) shown in Figure 1.12
dt? RC dt " i(0+) =0
= — : —1 Ve 1@
1000 x 1 x 1[}_ﬁli 00)
1
= — —100
1000 x 1 x 1|::r—ﬁ'i ) (A P
= 1x lﬂﬂﬂf.?ecz dt 1
di _
Q) 2) In the circuit shown in Figure 1.11 the switch K LE(DH = V-Ri(0+)=100-0
s closed at t=0, with zero current in the conductor. | di 04) = 100 _ 1004 /sec
Find the values i, % and g—r? at t=0+, for element | dt 1 o
values as follows V=100 V E=10Q and L =1 H. ﬁ[[}—l—} _ —Eﬁ[[}—l-} _ 10 « 100
K dt? L dt 1
,,;7;. AR = —1000A4/sec?

d D 8




Q 3) In the circuit shown in Figure 1.13 V=10 v K7; R {-ﬂ-mL

R=10QL=1Hand C =10 pF and v.(0) = 0, find
i(0+) =0, %(0+) and %3 (0+). VT /D TC
Solution: _ di 1 [ R
V=Ri+L—+4+—= [idt=0 —MW—
dt
at t=0+4 the inductor acts as open circuit and capacitor
acts as short circuit which is as shown in Figure 1.31
i(0+) =0 Differentiating equation (1)
V = Ri(0+)+ L.—. (04) + f i(0+)dt R— pEi i g
tC dt?  C
V = Rx0+ L%([}-p) +0 Substituting initial conditions
di d2i i(0+
di V10
E({H—) = T=7°7 10A/sec B o
_|_
10x 10+ Log(0H) + =5= = 0
d*i —100 _ —100 2
th(D ) = 7 =3 = —100A/sec



4. For the circuit shown in Figure 1.42 _ﬂ.m
the switch K is changed from position A to B at t=0, B
the steady state havi ing been reached before switching. s0v=— 1H /D] T
Calculate i, % and “ﬁ—r-?} at t=0+ 8

Before connecting to position 2 switch was at
position 1 at t=0- under steady state condition
capacitor charges with voltage of v(0—) = 50 = v(0+)
and after that it acts as an open circuit which is as
shown in Figure 1.43 (a) S

200
1
At t = 0-, inductor is in open circuit and capacitor A%T 2
- " - " I

is after fully charging it is also in open circuit state. v.(0-)=50V 1H

50V
That is T
i(0—) =0 and also i(0+) =0 (a)
When switch is at position 2, and at t=0+ the circuit
diagram is as shown in Figure 1.43 (b)
Applying KVL for the circuit we have ("
RI+L —|—1'r{t] = 0

dt



o di B
Ri + LE +vet)dt = 0
At t = 0+ and v.(0+4) = 50
3
Ri(0+) + Ld—z(m} + v,(04)

o
20 x n+1d—z(u+)+5n

di —a0
dt([H_) o = —50 A/sec
Differentiating equation {1]
d*i
R— + LE —|— — =0
Substituting initial conditions
da d%i i(0+)
I —
d[[H—)-F dz{ﬂ—]—)-l— C 0
20 x (—50) + li{[H—] + v 0
di? C
d*1 1
E;([H_} 1000 _ = 10004/sec”



For the circuit shown in Figure 1.38 the

1t e 1@ VY i — " 1 ﬂr_" ' ﬂri i —
switch K is opened at t=0. Find 1 %, v., 7* at t=0+.

_ L=2H -
i " T * = R R-_Eﬂ m C IF
Solution: When switch is at position a at t=0- AW |

= V=4V /D .]:

L=2H -
R=202 =20 C=1F
sc__oc_ B2 oamn S

circuit which is as shown in Figure 1.39

When switch is at opened, at t=0+ cirenit which
is as shown in Figure 1.39 (a)

V:HT{{]—:} —MWWN—— | 1T
V 4 _-TV=4V/D _--_"'L-"=4".-"/D
i(0-)=p=5=24

(a) (b)

When switch is at opened, at t=0+ circuit which

'L1 g g : : . dl ﬂ_|_ .
is as ‘-;.hDWH in Figure 1.39 (b) 5 — 041 x (0+) 11 % i(04)
Applying KVL dt
di
R S di , —(0+) = 2—-1x2=0
At t=0+ The voltage across capacitor is

E 1
2:{]+1xd1$+)+1x1'{[1—|—) un_{t]:—fi



- bl

When switch is opened at t=0+ circuit diagram is

d“c{t} . ii as shown in Figure 1.41 (b)
dt - C Applying KVL
duve(t) 1
o 0t = Fi0+) FfdeL +Ri
dtrﬂ(t) 1 At t=0+
0+) = =2=2V ;
( 1 2:U—|—1><d{;+]—|—1><{{]+]

6. For the circuit shown in Figure 1.40 the
switch K is opened at t=0 after reaching the steady
state condition. Determine voltage across switch and
its first and second derivatives at t=0+.

Solution: Before opening switch and at t=0-

circuit diagram is as shown in Figure 1.41 (a)
L=1H

m
—AM—
T
5
| &
=
x
|

5“1

dl
2 = 0+41x I{D_l_]-l—lxi{ﬂ'l-]
dt
2—1x2=1)



V= lfidt—FLﬁ—FRi
C dt The voltage across capacitor is
Differentiating above Equation di
Vit Ll +RXxi=2
0 = 2 +Ld2i+R'ﬁ 2 't
S dt? dt %4.1,&4_3;{% = 0
. rigij_ B di 1{D+) dt dt2 dt
dzi(ﬂ-l—) B 1 x0 9 0 ) 4 cE dt C
ap = POt =adler by B d2i
- kL=t — =
: o az A T > dt? !
V= F/:-:‘a’t+£,d—;+R:-:‘
; « d?Vi(0+) d*i(0+4) d*i(0+)
_ o _ — —L — + R x 5
Differentiating above Equation ) di dt: dt
% = —1x4—1x(—4)=0V/sec®
1di  _d*% _d% |
0 = =—+L—=+R—
C dt dt? dt?
d3iy di(04+) 1 d(04)i
1 % —— _ B
X g (01 R~ &
i
i(0+) = —1x(—4)—0=4 A/sec?




7. In the circuit shown in Figure  the K

steady state is reached with switch K is open. The znnf1+ e ﬁlﬂﬂ
switch K 1s closed at t=(0. Solve for .1, %L.. d—;f at q
t=0+.

Solution:

1H '[1 HF

When switch is opened and when steady state is Voltage across capacitor is voltage across Ry
reached capamtc‘rr actﬁ as open circuit and. 111d1.1ctc-r 2o(0=) = i1(0—) x 10 = 3.33 x 10 = 33.33V
acts as short circuit which is as shown in Figure
1.45(a). When switch is closed at t=0 206 is short circuited.

Inductor acts as current source with a value of 3.33 A

A

zu'ﬂf4 L2210 0 !-4 A and capacitor acts as voltage source with a value of
100 ,J-_ I _-Tlﬂﬂ v L 33.33 V which is as shown in Figure 1.45(b).
1H
100 333y , 100 — 33.33
= " 12(0+) = 10 = 6.667

, Vv 100 _ 10i, + 138
i1 (0=) = = = 3.334 V=10 + L—-

20410 30 di1 (04)

, 110+
i2(0—) = 04 V=100(04) + L—p



diy (0+)

1 o 100 — 10 x 3.33
di
: Ii}_ﬂ = 66.7A/sec

For the capacitor branch

V =10i5 + % fi"gdt
: L[,
V = 10i2(0+) + ol fzﬂﬁ—l—]dt

Differentiating we get

B dia(0+) 1
di2(0+) 1.
i = Tioxc20h)
1

= %1 1os X 6:667 = 0.667 x 10° A/sec




